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For a class of system, the potential of whose Bosonic Hamiltonian has a Fourier representation in 
the sense of tempered distributions, we calculate the Gaussian effective potential within the frame- 
work of functional integral formalism. We show that the Coleman's normal-ordering prescription 
can be formally generalized to the functional integral formalism. 



• Recently, one of the authors, Lu, with his other collaborators obtained formulae of the Gaussian effective potential 
(«~^ (GEP) 0] for a relatively general scalar field theory (see Eq.(l)) in the functional Schrodinger picture There, 
the Coleman's normal-ordering prescription Q was used, and accordingly these formulae have no divergences in low 
PsJ dimensions. Employing these formulae, one can obtain the GEP of any system in a certain class of models, which will 
^ ,be specified below, by carrying out ordinary integrations without performing functional integrations. In this paper, 
Q "we demonstrate that the same formulae of the GEP can also be obtained within the functional integral formalism. In 
'doing so, we also show that, although quantities in the functional integral formalism are not operators, the Coleman's 
■normal-ordering prescription can be formally used for renormalizing the GEP in the cases of low dimensions. We 
'believe that our simple work is interesting and useful, since the functional integral formalism is importmant in quantum 
.field theory, nuclear and condensed matter physics |Q , and can be used for performing some variational perturbation 
schemes [^,^. 

^ In this paper, we first generalize the Coleman's normal-ordering prescription to the functional integral formalism. 

ly^ This formal generalization will be realized by borrowing the normal-ordered Hamiltonian expression in the functional 
Schrodinger picture because the Euclidean action for a system has the same form with the corresponding classical 
-Hamiltonian in the Minkowski space. Then, following the procedure in Ref. j^, we calculate the GEP for a class of 
'systems. Finishing the above generalization, as an explicit illustration, we will perform a model calculation for the 

2 field theory. 

■ Consider a class of systems, scalar field systems or Fermi field systems which can be bosonized, with the Lagrangian 
(density 



Oh! 



X 



Cx = - , (1) 

where the subscript x represents, x = {x,t), the coordinates in a (Z? + l)-dimensional Minkowski space, 9^ and 
f)^ are the corresponding covariant derivatives, and 4)x the scalar field at x. In Eq.(l), the potential V{(j)x) has a 
Fourier reprensentation in a sense of tempered distributions Q. Speaking roughly, this requires that the integral 
J'^oo da with a positive constant C is finite. Obviously, quite a number of model potentials, such as 

polynomial models, sine-Gordon and sinh-Gordon models, possess this property. 

For the system, Eq.(l), the conjugate field momentum is expressed as H^; = g^g^^ = dttfixi and the Hamiltonian 
density is given by 

T^x = ]^dt(j)xdt(j)x + ]^d3(j)xds<l>x + V{(i)x) ■ (2) 

In a time- fixed functional Schrodinger picture at t = 0, one can normal-order the Hamiltonian density Tlx with respect 
to any given mass-dimension constant M as follows []: 

^M[ns\ = \dt(t>xdt4>x + \dsct)sd3<t)s+MM[V{4>s)] - \h[M^] + \M^h[M^] , (3) 
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^Here, the partial derivative with the time dt4>x = {dt4>x)\t=o should be regarded as the conjugate momentum operator Ilg. 
For convenience of later comparison, we write the operator as its corresponding classical form. 
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where, Mm [■ ■ ■] means the normal-ordering form with respect to M and 



{2n)D {p2 + Q2y 



- 1 .:.r..Y,T.rv„ ■ (4) 



Noticing the Baker-Haussdorf formula e"^+^ = e'^e^e ll^^^]^ with the commutator [A, B] some c-number, one has 

J V 2vr 

where V{il) is the Fourier component of the function V{a). In the functional Schrodinger picture, when the Coleman's 
normal-ordering prescription is adopted to calculate the GEP, i.e., when the normal-ordering Hamiltonian density 
takes the place of Hamiltonian density, the GEP will be naturally finite for the case of low dimensions {D < 3) |^]. 

On the other hand, for Eq.(l), the Generating functional for Green's functions in the functional integral formalism 
is given by 

Zm[J] = J V(j)exp{i J d"xdt[C^ + J^0^]} , (6) 

where, Jx is an external source at x, and Vcj) the functional measure. Starting from Eq.(6), one can define the effective 
potential j^. However, in this functional integral, the integrand is oscillatory. To avoid this oscillation, one usually 
adopts the so-called e-prescription, that is, in the Lagrangian density, one adds an infinitesimal purely imaginary 
term, iecfr^, and takes e — > after finishing the functional integration. Instead of doing so, one can also make the time 
continuation t —it so that the Minkowski space can be transformed into the Euclidean space, and after finishing 
the functional integration, one may return to the Minkowski space. This time continuation procedure is equivalent to 
the e-prescription j^]. In this paper, we will choose the continuation procedure. 

Through the time continuation t —t —it, the generating functional Zm[J] is changed as 

Z[J] = J Vcj)exp{- J d''r[]^dr<j)rdAr + \ds^rdAr + V{(j)r) " JAr]} (7) 

with r ~ {x,t) and v = D + \. This is the generating functional in the Euclidean space. Here, we emphasize that in 
the above equation, taking the range of r as [0,/3] with the inverse temperature /3, letting Jr vanish and carrying out 
the functional integration over the closed path 0^1 t=o = </'r|T=/3, one can arrive at the canonical partition function of 
Eq.(l). From Eq.(7), one can get the generating functional for the connected Green's function, W[J] = ln(Z[J]). The 
variational derivative of W[J] with respect to J will give rise to the vacuum expectation value of the field <j)r in the 
presence of Jr 



Taking a Legendre transformation of one can define the effective potential in Euclidean space, 

W[J] - J d'^rJrifr 



V(^) 



Jd-r 



(9) 



where ip is independent of the coordinate r. Returning to the Minkowski space from Eq.(9), one can get the effective 
potential in the Minkowski space, which is usually refered to as effective potential in quantum field theory. 

In the exponential of the functional integrand of Eq.(7), the major part of the integrand Tir = ^dr(j)rdr(j)r + 
\dg(j)rdx4'r + y{4'r) takcs the same form of H.^; in Eq.(2). Therefore, we argue that, if we change Tir in Eq.(7) into 
the expression of A/a/ [Tir] 0, GEP will be renormalized automatically in the low dimensions (D < 3). Note that 
in the transformation between the Euclidean space and the Minkowski space, the integrals /(„) [Q^] appearing in the 
functional integrations in the Euclidean space 



■^Note that 71^; in Eq.(3) is an operator in D-dimensional space at t = 0, whereas the field (fir and its derivatives in Eq.(7) 
are classical ones in dimensional Euclidean space. This is why we call the generalization developed in the present paper as a 
formal generalization. 
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[ J -(2^Mp +Q ) ^ for n = 

are equivalent to /„[(5^] in Eq.(4) which appear in the calculations in functional Schrodinger picture (up to some 
constant factor or an infinite constant for some n) For example, /(o)[<5^] is equivalent to /o[Q^] (up to an 
infinite constant) and 2/(i)[(5^] to /i[(5^] Thus, corresponding to Eq.(3), one can formally write down AfMiTi-r] = 
ldr(l)rdr(t)r + ^^sfZ-rSj^^ + A/a/ [V"((/'r)] " 5/(0) W^] + \M^I(i) [AP]. Changing Hr in Eq.(7) into the form of 7VM[Wr], 
we have 

Z[J] = CXp{ j d''r[i/(o)[M2] - 1m2/(i)[M2]]} j V<j>CXp{- J d-r[^drCj)rdrCj)r + \d3<jyrd3<jyr 



= exp{ j d''r[l/(o)[M2] - Ul'l^,-,[M^} j I?0exp{-^[J]} , (11) 

where, S[J\ = J d'^rl^M-'^D^'r - ^r^r + / ^y(r2)e*"'^'-e*"'-f<i)[^^'l] with the gradient with respect to r in 
z^-dimensional Euclidean space. Up to here, we have introduced the Coleman's normal-ordering prescription in the 
functional integral formalism. Actually, many years ago, the normal-ordered Hamiltonian of the sine-Gordon field 
theory has been used in the Euclidean functional integral formalism to show the equivalence between the sine-Gordon 
and massive Thirring field theories One will see that Eq.(ll) will give rise to the same result in Ref. 

Now we calculate the GEP of Eq.(l) from Eq.(ll) by using the procedure in Ref. Q. For this purpose, Z[J] will be 
modified through the following steps. First, a parameter ^ is introduced by adding a vanishing term J d^r^(j)r{ii^ — 
n'^)(j)r into S[J]. Then, shift io (pr + ^ with a constant background field, i.e., S[J] J d'^r[^(j)r{—'^f + t^'^)4>r — 
Jr(j3r-Jr'^ + SD\ with So = j d" r[- \ (ji^ + j ^l/(J7)e'"('^'-+*)e^"'-f(i)[*'-f'l]. Thirdly, in the last resultant expression 
of S[J], insert an expansion factor 5 in front of Sd. Thus, Z[J] is modified as the following Z[J, S\ 

Z[J,5\ = exp{ j d^r[i/(o)[Af^] - ^^-/^/(^[M^] + J,$]} • 

j V(bexp{^ J d''r[i0,(-V2 - J,0,]}exp{-55D} (12) 

= [det{-Wl+fi')]-ieM J d''r[i/(o)[M2] - h'I^I^,^[M^] + j d'^nJ^f'^Jr, 

/P0exp{~/d-r[l0,(-V^ + M^)^, ~ Jrcj,r]}exp{-SSD} 

/p^exp{-/d-r[i0,(-V2 + ^2)^^_ j^^^]} ' ^ ) 

where, det{-Vl + fi^) is the determinant of (-V^ + fi^) and f-] = / ^^^r^e''''^'"''''^ ■ In Eq.(13), 
the result of the Gaussian functional integral / l?0exp{— / rf''r[i0r(~V^ -t- ii^)(f>r — Jr4'r]} = [rfet(— + 
/u^)]~5 exp{i / d^rd^riJrJrT^Jri} has been used. Correspondingly, W[J] is modified as T4^[J, 5]. It is evident that, 
extrapolating H^[J, (5] to 6 = 1, one recovers After the above modifications, expanding the logarithm of the 

functional integral in W[J, S\ = In Z[J, 8\ as a series in 5 (i.e., expanding first e~*'^° and then the logarithmic function), 
then truncating the series at the first order in 5, and finally carrying out the functional integrations, one has 

W[J,5] = j d''r{-i(/(o)[A.2] - /(o)[M2]) - iM2/(i)[Af2] + Jr^ + \ j d'^ nJ^f-^r, 

+5[-^J^^[I(,)[^?] + ( j d^r^f-\Jr,f] - j ^ -J=V{a^2{I^,)[^^^] - /(^[AP]) 

+ I d^T,J-lJr,+^)e-''']} , (14) 



where, the first-order term or o arises h'om the tunctionai mtegrai . m Fq. 14 , 

' ^ JX)0oxp{- Jd"'r[i0,(-V2+A'2)0,.-Jr0r]} ^ ' 

we have used the integral formula _^g--%-+\/2aa _ ^^^^ ^j^g result [det{—Vl + fi^)]^^ — exp{— ^ / d'^rlolfi^]}. 
Therefore, up to the first order of S, Eq.(8) gives 
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Vr = '^ + j (rnf-\Jr, + j d'^nd'^r^f-lf-iyJr, 

-5 J d-^nf-] 1^ ^V^^Ha^j2iIii)W]~ Iii)[M'])+ I <rr,f„\Jr, + $)e-"^ , (15) 

where = = / ■^V{n){iVlYe'^'^ . In the last equation, one can take (^^ = = $ and hence solve 

it to get Jr in terms of <&. This enforces to become a series in 5 and vanish in the zeroth order of (5 From 
Eqs.(14) and (9), one can see that J,- truncated at the first order of 5 has no contributions to V{'^) up to first order 
of 5. Therefore, we have to take J^. = for truncating Eq.(9) at the first order of 5, and obtain the following result 

Obviously, the above equation is dependent on the arbitrary parameter ^. In accordance with the "principle of 
minimal sensitivity" |^Jl0[], can be determined by requiring that /i should minimize V{tf). The stationary condition, 
^ = 0, yields 

/OO 7 . 
^e-"V(2)(ay^2(/(i)H-/(i)[M2]) + $) , (17) 



and the stability condition, ^^^ip > 0, gives rise to 



1+4/(2)[m'] j ^ ^e-"V(^)(ay'2(/(i)[^2] _ ^^^^[^2]) + $) > . 



(18) 



In order to investigate the symmetry breaking phenomena, one usually needs another stationary point condition 



^^^^ — 0. This condition yields the following equation 



r ^e'"V(i)(a j2(/(i)[^2] _ j^^^[M2]) + $) = o 

J — OO V ^ 



(19) 



Noticing the equivalence between I{n)[Q'^] and /„[Q^], and going back to the Minkowski space, Eq.(16) with Eqs.(17) 
and (18) will give the GEP of the system, Eq.(l). We note that it is identical to that in Ref. We observe 
that, here, no renormalization procedure is needed for the case of D < 3, because the first three terms in Eq.(16) 
and (/(i)[/x^] — I(i'f[M'^]) are finite for D < 3. As for the case of D = 3, the first three terms in Eq.(16) and 
(/(i)[/i^] — /(i)[A/^]) are divergent, and so Eqs.(16) — (19) have divergences. Hence, when D = 3, the Coleman's 
normal-ordering prescription is not sufficient to renormalize the GEP, and further renormalization precedures are 
needed. In fact, the Coleman's normal-ordering prescription amounts just to renormalizing the mass parameter. For 
the case of D = 3, one can further renormalize other model parameters and even the field to make the GEP finite. 
By way of explanation and justification, we consider the A^"* field theory with the following potential 

Vi^.,) = ^m^cbl + ■ (20) 

Employing the formulae a^^e^"^ da ~ 2^" • 1 • 3 • 5 • • • (2n — 1) and a^"+"'^e~"^da = 0, one can easily finish 
the ordinary integrations over a in Eqs.(16) — (19), and obtain 

V(^) - - ^(o)[M']) + iM2/(i)[M2] - 

- /(i)[Af2] + $2) + ^[J(2/(i)[m'] 
-2/(i)[M2])2 + 3(2/(1) - 2/(i)[M2])$2 + $4] ^ (21) 



■^Generally, different choices of (y3 will give rise to an identical result. One can find a detailed discussion on this point in 
Appendix A of Ref. [0] . 
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= + 3A(/(i) - /(I) [Af 2] + $2) ^ (22) 

and 

^ = ^m' + ^(2/(i)[m^] - 2/(i)[Af^]) + Aci>^) = . (23) 

Recalling /(o)['3^] — -^o[Q'^] (up to an infinite constant) and 2/(i)[Q2] = /i[(32], and noticing that for the case of (1+1) 

dimensions, i(/o[Ai^] - Ia[M^]) + jA'Ph[M^] - jfJ-^hifJ-^] = ^'-^^ as well as - h[lVP]) = In one can 

find that Eq.(21) and Eq.(22) with D = 1 are consistent, respectively, with Eqs.(A6) and (A7) for B = in Rcf. [|j 
(Chang) (there, the normal-ordering mass M was taken as m and m' there corresponds to /i here) ^. Furthermore, 
the renormalized mass and coupling can be calculated as ^ 

^'^("^^ - + 3A(/(i)K] - /(i)[M2]) (24) 



m, 



and 

^ _ 1 d4v($) 



3! 



o.r r 21' (25) 



*=0 i + JA7(2)[mJj 

respectively. The above expression of Xr is consistent with Eq.(3.44) in Ref. |^] (1980) and Eq. (3.19) in Ref. 
(1985), and has no explicit dependence upon the normal-ordering mass M (just an implicit dependence upon M 
through m-ij). This fact implies that the Coleman's normal-ordering prescription is involved only in the renormalizaton 
of the mass parameter. Because the integral 7(2) is finite for the case of D < 3, the coupling does not require further 
renormalization procedure. Substituting Eq.(24) into Eqs.(21) and (22), one can get the CEP in terms oiniR instead 
of m and the resultant expressions for low dimensions are consistent with those in Ref. ^ (1985). Eq.(24) reflects the 
relation between m and Mr, and has been discussed in detail for low dimensions in Ref. [0. By the way, besides 
simplifying the renormalization procedure in low dimensions, the Coleman's normal-ordering prescription makes it 
possible to investigate the symmetry restoration phenomenon in quantum field theory ||ll| , [l^ . As for the case of 
D — both Eq.(24) and Eq.(25) are no longer finite relations, and further renormalization procedure will be needed 
to make the GEP finite. Stevenson and his collaborators have investigated this problem and proposed two non-trivial 
A^"* theories |l^ ||l| (1985). Based on the Coleman's normal-ordering prescription, one of the present authors, Lu, gave 
a further discussion about the Stevenson's two non-trivial Xcji^s (in Ref. |lj], one can find many other references 
related to this problem). 

In conclusion, we has demonstrated that the Coleman's normal-ordering prescription can be formally used in the 
functional integral formalism to renormalize the GEP for a class of system in low dimensions. This conclusion will also 
be valid for the finite temperature GEP ||l^,|l^. Before ending this paper, we point out that the above renormalizability 
is understandable from the viewpoint of Feynman diagrams. The Coleman's normal-ordering prescription can make 
ultraviolet divergences disappear in the theory whose primitively divergent graph is just the one-loop diagram with 
only one vertex. The (1 -I- l)-dimensional scalar field theories without derivative interactions are just such ones |^. 
Hence, the finiteness of Eqs.(16) — (19) with D = 1 is conceivable. As for the case of = 2, the additional primitively 
divergent graphes are two- or multi-loop diagrams with multi-vertices. These additional divegent diagrams are not 
included in the GEP, because the GEP is just the sum of all possible cactus diagrams ||l|] 0(1980) (a cactus dia gram 
consists of one-loop diagrams with multi-vertices and/or loop diagrams with one vertex). And so the GEP in (2 + 1) 
dimensions can be made finite by the Coleman's normal-ordering prescription. However, unfortuately, when D — i, 
the one- loop diagram with two vertices, which comprises GEP, is divergent (for D = 2, such a diagram is finite), and 
so the Coleman's normal-ordering prescription is not sufficient to make the (3 + l)-dimensional GEP finite. 



ACKNOWLEDGMENTS 



Lu acknowledges Prof. J. H. Yee's helpful discussions. This project was supported by the Korea Research Founda- 
tion (99— 005— DOOOll). Lu's work was also supported in part by the National Natural Science Foundation of China 
under the grant No. 19875034. 



■^The erratum for Eq.(A6) can be found in the page 1979 of Phys. Rev. D 16 (1977). 

^Here, the definition of the renormalized coupling is slightly different from that in Ref. [Q] (1980,1985), because the coupling 
there is 4 times of the one here. 
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